The operational meaning of coherence measure lies at very heart of the coherence theory. In this paper, we provide an operational interpretation for geometric coherence, by proving that the geometric coherence of a quantum state is equal to the minimum error probability to discriminate a set of pure states with von Neumann measurement. On the other hand, we also show that a task to ambiguously discriminate a set of linearly independent pure states can be also regards as a problem of calculating geometric coherence. That is, we reveal an equivalence relation between ambiguous quantum state discrimination and geometric coherence. Based on this equivalence, moreover, we improve the upper bound for geometric coherence and give the explicit expression of geometric coherence for a class of states. Besides, we establish a complementarity relation of geometric coherence and path distinguishability, with which the relationship between l1-norm of coherence and geometric coherence is obtained. Finally, with geometric coherence, we study multiple copies quantum state discrimination and give an example to show how to discriminate two pure states.
I. INTRODUCTION
Coherence is a fundamental feature of quantum mechanics, characterizing the wave nature for all objects. It is an essential correlation in quantum information theory [1, 2] , and plays an important role in quantum biology [3, 4] , metrology [5] and thermodynamics [6, 7] . Quantum coherence also can be regarded as a kind of resource and its role in quantum algorithm has been investigated in [8] [9] [10] [11] . The research on coherence in optics has lasted for a long time [12, 13] and only in recent years there develops a theory to quantify coherence [14] .
As well as entanglement [15] , Baumgratz et al. provide a resource theory framework for coherence and a great deal of efforts have been done to further develop this theory [16] [17] [18] [19] [20] [21] [22] [23] . In this frame, coherence quantifies the superpositions of a state in a fixed standard orthogonal basis. Given an orthonormal basis {|i } d i=1 for a d-dimensional Hilbert space H, density matrices that are diagonal in this basis are called incoherent states and we label this set of quantum states by I. Hence, a density matrix σ ∈ I is of the form
Any trace preserving completely positive (CPTP) map is called incoherent operation (IO) if one of its Kraus representation {K i } is incoherent. That is, each K i satisfies
for any incoherent state ρ. Similar to the quantification of entanglement [15, [24] [25] [26] , the authors in [14] propose the following conditions to be satisfied as a measure of coherence C(ρ):
(C1) Faithful: C(ρ) ≥ 0 with equality if and only if ρ is incoherent.
where F (ρ) := max σ∈I F (ρ, σ) and the fidelity F is defined as
We call an incoherent state σ ρ the closest incoherent state (CIS) of ρ if F (ρ) = F (ρ, σ ρ ).
In [17] , the authors show that geometric coherence is a coherence measure. In this paper, we provide an operational interpretation for C g by linking the geometric coherence with the task of quantum state discrimination (QSD). As a fundamental problem in quantum mechanics, QSD has been the subject of active theoretical investigation for a long time [29] [30] [31] [32] [33] [34] [35] [36] . Besides, QSD also plays an important role in quantum communication and quantum cryptography [37] [38] [39] [40] .
In the task of ambiguous QSD, the sender draws at random some states from ρ i 's with probabilities η i and send them to the receiver, whose job is to determine which state he has received as accurate as possible. To do so, he performs a positive operator valued measure (POVM) on each ρ i and declares the state is ρ j when the measurement reads j. The POVM is a set of positive operator {M i } satisfying M i = I. As the probability to get the result j is p j|i = Tr(M j ρ i ) provided the system is in the state ρ i , the maximal success probability to
where the maximum are over all POVM {M i } and moreover, the minimal error probability is
For two states, the analytic formula of maximal success probability P opt S and the corresponding optimal measurement has been known, however, no solution is known for general case except some symmetric cases [41] [42] [43] .
In this paper, we reveal the equivalence relation between geometric coherence and ambiguous QSD. Based on the equivalence, we will get some results of both geometric coherence and QSD.
The paper is organised as follows. In section II and section III we reveal the equivalence between geometric coherence and ambiguous QSD. We establish a complementarity relationship of geometric coherence and path distinguishability in IV. Based on the equivalence, we obtain some results of both in section V and section VI. Besides, We conclude in Section VII with a summary and outlook.
II. GEOMETRIC COHERENCE AND QUANTUM STATE DISCRIMINATION
It is well known that POVM can perform better than von Neumann measurement in quantum state discrimination [44, 45] . However, the optimal measurement to discriminate a collection of linearly independent states, both pure [46] and mixed [47] , is still the von Neumann measurement. With this result, we can establish the relation between geometric coherence and QSD.
The relationship between quantifying quantum correlation and quantum state discrimination task is first revealed by Spehner and Orszag [48, 49] . In coherence theory, the quantification of coherence has a closer link to QSD task which is described in the following theorem. Theorem 1. Let ρ be a state of the quantum system with ddimensional Hilbert space H and let {|i } d i=1 be a reference orthonormal basis. The geometric coherence of ρ is equal to the minimum error probability to discriminate
with von Neumann measuremnt,
where η i = i| ρ |i and |ψ i = η −1/2 i √ ρ |i . Moreover, if the set of pure states {|ψ i } i is linearly dependent, the geometric coherence provides an upper bound for the minimum error probability to discriminate
If {|ψ i } i is linearly independent, C g (ρ) is exactly equal to the minimum error probability, that is,
Proof. Firstly, we evaluate the geometric coherence C g (ρ). Assuming σ = i µ i |i i| is an arbitrary incoherent state, one has
where |f i = U |i , i = 1, ..., d and the maximal being over all incoherent states and all orthogonal basis on H. The last " = " in (5) is because one can choose the phase factors of |f i in such a way that i| U √ ρ |i ≥ 0, thus the two expressions are in fact equal.
Thanks to Cauchy-Schwartz inequality, the maximum over the probability µ i is reached for
and
where
is a von Neumann measurement in H.
We thus obtain
represents the maximum successful probability over all von Neumann measurements in H.
Secondly, we consider the ensemble
, which means that the ensemble contains d states. There are two cases, on one hand,
linearly independent, then the optimal measurement is von Neumann measurement [46] , that is,
On the other hand,
is linearly dependent, which means that the optimal measurement is a general POVM. As a result, one has
is the non-increasing array of non-zero η i s. In fact, since η i = i| ρ |i = || √ ρ |i || 2 , η i = 0 means that √ ρ |i is a 0 vector. The same as above, there is two cases, linearly independent or not. In the first case, as
one still has
In another case, F (ρ) is also a lower bound for P opt S ,
In conclusion, for any ρ, C g (ρ) provides an upper bound for
Especially, if {|ψ i , η i } is linearly independent, C g (ρ) is exactly the minimum error probability of QSD,
Based on (6) and (7), the CIS of ρ is given by
is the optimal von Neumann measurement.
Corollary. If ρ > 0, the geometric coherence is equal to the minimum error probability to discriminate
, that is,
is linearly independent. In fact, if it is not the case, then there exist a non-zero vector (
for a non-zero vector i x i |i , which is conflict with the condition ρ > 0. With theorem 1, we obtain (10).
III. DISCRIMINATE QUANTUM STATES WITH GEOMETRIC COHERENCE
We link the geometric coherence to the quantum state discrimination in last section. How about the opposite situation? That is, given a pure QSD ensemble
, is there exist a quantum state whose geometric coherence provides an upper bound for the minimum error probability of discrimination?
Let us consider a pure state discrimination
Proposition 2. The matrix ρ is a density matrix.
Proof. Denoting a matrix ψ with each entry
with (ψ j ) i the i-th entry of |ψ j , then the matrix
is positive semidefinite. As i ρ ii = i η i = 1, we conclude that ρ is a density matrix.
Therefore, we call the state (11) the QSD-state of
, where
Therefore, one has
, we have the following result.
In conclusion, we have the following result.
t , the i-th entry is 1 for i = 1, ..., d. For |ψ i ∈ H, i = 1, ..., d, the minimal error probability to discriminate the collection of pure states
is upper bounded by the geometric coherence of the corresponding QSD-state ρ, that is,
where the incoherent pure states are {|i }
. In particular, if the set of pure states is linearly independent, the bound is reached. That is,
Proof. Based on the proof of Theorem 1, we have that
Therefore, we have
Remark 1. With (13), we can see that more quantumness the QSD-state contains, more difficult the QSD task is. Moreover, the QSD-state is incoherent, that is, classical, if and only if there exist a quantum measurement to discriminate these states perfectly. Theorem 4 indicates that non-orthogonality of states lies at very heart of quantum mechanics from the perspective of coherence theory.
IV. DUALITY RELATIONBETWEEN GEOMETRIC COHERENCE AND PATH DISTINGUISHABILITY
Bera et al. reveal the complementarity of coherence and path distinguishability in the case of Yang's n-slit experiment. Yang's experiment can be explained by wave-particle duality. In [50] , the authors quantify wave and particle nature with l 1 -norm of coherence and unambiguous state discrimination, respectively. With theorem 1, we now establish a complementarity relationship of geometric coherence and path distinguishability as follows.
Similarly, let us first consider the case of d-slit quantum interference with pure quantons. Denoting |i as the possible state of the quanton when it takes the ith slit or ith path, then the state of quanton can be represented with d basis states {|1 , ..., |d } as
where |i represents the ith slit and c i is the amplitude of taking the ith slit. To know which path the quanton passes, one needs to perform a quantum measurement. According to quantum measurement theory, the quanton will interact with a detector state and get entangled as
with {|d i } are normalized and not necessarily orthogonal. On one hand, to know the coherence of quanton, one considers the reduced density matrix of the quanton after tracing out the detector states,
With Theorem 1, one has
On the other hand, if one wants to know which path it takes, he needs to discriminate the detector states
. In other words, the path distinguishability is actually equivalent to the discrimination of detector states.
With Proposition 3 and the fact ψ i |ψ j = d j |d i , one has that
Defining the optimal successful probability to discriminate the detector states as path distinguishability,
and the geometric coherence as coherence,
Since the von Neumann measurement is the optimal if and only if the detector states is linearly independent [46] , then for linearly independent {|d i }, we have the following complementarity relation,
Above complementarity relation can be generalized to the situation that the quanton state is a mixed state, say ρ = i,j ρ ij |i j|. This is the case that the quantum system is exposed to the environment. The combined system of the quanton and the path detector after the measurement interaction can be written as
and the reduced density matrix of the quanton after tracing out the detector states,
Therefore, on one hand, the wave nature of the quanton can be characterize by the coherence of ρ s , namely C g (ρ s ). As every principle 2 × 2 submatrix of (22) 
Assuming the corresponding ensemble to ρ s is {|ψ i , ρ ii }, then
for each i, j. In other words, each two states of
is more difficult to distinguished than the corresponding of
On the other hand, we quantify the particle nature with path distinguishability, that is, the optimal successful probability to discriminate
, the following complementarity relation holds,
Besides, we can derive a relationship between geometric coherence and l 1 -norm of coherence. In [50] , the authors choose unambiguous quantum state discrimination as the optimal strategy to distinguish detector states and establish the complementarity relation as
where C :=
) is the optimal successful probability to unambiguously discriminate the detector states. If the quanton is pure, (24) is a equality.
Comparing (20) and (24), we have the following theorem.
Theorem 5. Let ρ be a density matrix in a d-dimensional Hilbert space and
Proof. For any ρ, it can be represented as
Since {|d i } is linearly independent, one has
On the other hand, as the successful probability with unambiguous QSD will never exceed the maximal successful probability with optimal measurement, that is,
V. EVALUATE GEOMETRIC COHERENCE WITH QSD
Based on the equivalence of geometric coherence and quantum state discrimination, we will give an upper bound for the former and calculate geometric coherence for a set of states in this section.
A. a tighter upper bound for geometric coherence
The analytical expression of geometric coherence for any single-qubit state ρ is given in [17] . However, the computation of C g is formidably difficult for even qudit state. With subfidelity introduced as a lower bound for quantum fidelity [52] , the authors give an upper bound for geometric coherence as follows.
Theorem 6.
[53] Let H be a finite dimensional Hilbert space and ρ ∈ E(H) be a quantum state, then
ii with b ij is the (i, j)-th entry of √ ρ.
Based on Theorem 4, we can derive a tighter upper bound for geometric coherence. Above all, rearrange
′ be the dimension of the space spanned by {|ψ 1 , ..., |ψ d }), we can choose an independent ensemble
as follows. First step, we choose |ϕ 1 such that
, choose |ϕ n such that {|ϕ 1 , ..., |ϕ n−1 , |ϕ n } is linearly independent and ξ n = max{η 1 , ..., η d }/{ξ 1 , ..., ξ n−1 }. In this way, we obtain a linearly independent ensemble {|ϕ i ,
Then, we construct a measurement to discriminate
. First of all, we make the GSO for
......
where P n = I n − n−1 i=1 |φ i φ i | is the projection to the normal direction of spanned by {|ϕ 1 , ..., |ϕ n−1 } for n = 2, .., d.
Secondly, we extend {|φ 1 , ...,
is a von Neumann measurement and the corresponding successful probability to discrim-
Obviously, for d ′ ≥ 2, we have
Therefore, for d ′ ≥ 2, we obtain a tighter bound than l 1 as
In conclusion, we have the following theorem.
Theorem 7.
Let H be a finite dimensional Hilbert space and ρ ∈ E(H) be a quantum state, then
where l 3 denote the upper bound in (30) and
ii with b ij is the (i, j)-th entry of √ ρ. When the GramSchmidt orthogonalization is an optimal measurement, the upper bound l 3 is tight.
Remark 2. If ρ > 0, the upper bound for geometric coherence can be improved as
Moreover, the upper bound l 4 is tight when the corresponding measurement to unambiguously dis-
is also a optimal measurement.
B. geometric coherence for generalized X-state
We can give the analytical formula of geometric coherence for a class of quantum states on any finite dimensional Hilbert space with the result from QSD.
First of all, we consider the single-qubit state. The simplest example of ambiguous discrimination is the case of two pure states |ψ 1 and |ψ 2 . Then the optimal success probability is easy to determine as [29] 
With (33) and Theorem 1, the geometric coherence for one qubit state can be evaluated without any thinking. Since any a coherent single-qubit state is invertible, one has,
Secondly, we generalize this result to X-state in higher dimensional space. Any quantum state ρ is called X-state if it can be represented as an X-type matrix in a fixed orthogonal
In two-qubit case, X-states are a significant class of states including Bell-diagonal states which play an important role in the quantification and dynamics of entanglement, quantum correlations and coherence [24, [54] [55] [56] [57] [58] . The geometric coherence of (35) is equal to the minimal error probability to discriminate
it is easy to see that, each |ψ i is orthogonal to others |ψ j except |ψ d+1−i . If d > 2 is even (odd case is similar) , the collection of
} in which each two states in a group are non-orthogonal and the states in different groups are orthogonal. In other words, we just need to discriminate two non-orthogonal states in each group one by one. Therefore, with (33), the geometric coherence of X-state ρ is easy to obtain,
In the end, we consider the generalized X-state, that is these states can be converted to X-states by permutation transformations. In other words, generalized X-states are these states that have at most only one non-zero entry in each column and each row in non-diagonal part. The geometric coherence of generalized X-states can be also evaluated similarly,
where ρ i,ī is the only possible non-zero entry in each row except the diagonal entry. Besides, geometric coherence of generalized X-states can be obtained from the geometric coherence of X-state with the incoherent unitary-invariant of C g .
VI. DISCRIMINATE STATES WITH GEOMETRIC COHERENCE
On the contrast, we consider the problem of quantum state discrimination with the help of coherence theory. There are two examples, QSD with multiple copies and discriminate two pure states with geometric coherence.
A. QSD with multiple copies
Even though it is impossible to distinguish non-orthogonal states perfectly, the error of possibility can be decreased if there are more copies of states.
Let us consider the QSD task of n copies of pure states, that
. Based on theorem 4, the i, j-th entry of corresponding QSD-state is
For big n, it is easy to check that {|ψ 1 ⊗n , ..., |ψ d ⊗n } is linearly independent, then ρ (n) is invertible. Thanks to Theorem 5, one has that
As n → ∞, each ρ (n) ij → 0 for i = j and so is C l1 (ρ (n) ). That is to say, if we have enough copies, we can discriminate {|ψ 1 , ..., |ψ d } almost perfectly.
In fact, since {|ψ 1 ⊗n , ..., |ψ 1 ⊗n } is linearly independent, the corresponding Gram-Schmidt orthogonalization can be a suitable measurement. For simplicity, let us we consider d = 3 case. With (28), one has
.
Let n tends to ∞, the successful probability to discriminate n copies of ensembles tends to 1.
B. discriminate quantum states with geometric coherence
In the task of ambiguous quantum state discrimination, the task is to design the optimal measurement which maximized the success probability to discriminate these states. In general, no effective method has been found to construct the optimal measurement to discriminate more than two states. In [29] , Helstrom give the method to discriminate two pure states. We first briefly introduce Helstrom's method for two pure states and then give a new method with the equivalence between geometric and QSD. Moreover, we will show these two method in an example.
For two pure states
. Assuming the measurement is {|f 1 , |f 2 }, then the optimal successful probability is
The maximum achieved when |f 1 f 1 | is the spectral projector Π 1 associated to the positive eigenvalue of Hermitian matrix Λ. (38) is called Helstrom formula.
Furthermore, we introduce a new method to discriminate a set of linearly independent {|ψ i ,
with Theorem 4 and Lemma 8.
(1) Determining the ensemble {|ψ
for the corresponding QSD-state ρ, where |ψ
(2) Calculating the unitary matrix U which transforms |ψ
, by solving the following equations,
as
Remark 3. To evaluate geometric coherence, we have to calculate the eigenvalues of the state √ σρ √ σ and maximize Tr( √ σρ √ σ) over all incoherent states σ. The first part is actually the problem of finding the root of one element n order equation. Since there is no root solution for the one element n(≥ 5) order equation, the µ i s may not be expressed explicitly for n ≥ 5 case. Even though, our method may shed a new light on the problem of distinguishing three linearly independent pure states which is an open problem that has lasted for many years. In Helstrom's method, the first step is determining the optimal measurement through finding the projector for positive eigenvalues and then obtain the optimal successful probability. In our result, we can get P opt S directly without any knowl-edge of the optimal measurement, and the optimal measurement can be obtain through solving the equations about the closest incoherent states. Now we compare our method with Helstrom's result in the following example. Let us consider the ensemble
. Without of generality, one can choose an orthogonal basis {|1 , |2 } such that [59] ,
One one hand, assuming the measurement is {|f 1 , |f 2 }. Based on the Helstrom formula, the optimal successful probability is
the the optimal measurement is
and the optimal success probability is
One the other hand, let us determining the optimal successful probability and measurement with the above four steps. Since the corresponding QSD-state to {|ψ i ,
the maximal success probability to discriminate {|ψ i ,
is easy to obtain as [17] ,
which is coincide with (40) . Furthermore, the corresponding closest incoherent state is σ ρ = 1 2 I 2 . (1) Due to the spectrum decomposition of ρ, one has
with |φ 1(2) = (
t . Therefore, these two sates to be discriminated are
(2) Without of generality, assuming θ ∈ [0, Based on (6), we have that cos ϑ = 1. (4) As a result, the optimal measurement to discriminate
This result is consistent with (39) .
VII. CONCLUSION
In this paper, we reveal the equivalence between geometric coherence and the task to discriminate a set of pure states. This equivalence provides an operational interpretation for geometric coherence. Based on the equivalence, we prove a tighter upper bound for geometric coherence and obtain an explicit expression for the geometric coherence of generalized X-states. Moreover, we reveal the duality relationship between geometric coherence and path distinguishability, with which a relationship between geometric coherence and l 1 -norm of coherence is obtained. Finally, we obtain the minimum error probability and the optimal measurement for the discrimination task of two linearly independent pure states through calculating the geometric coherence of corresponding QSD-state and CIS.
Our results not only relate the coherence theory to quantum state discrimination, but also obtain many results based on this relationship. Besides, our results may shed new light on the problem of distinguishing three linearly independent pure states.
are two group of unit vectors in H, and ψ i |ψ j = φ i |φ j for all i, j. Then, there exist a unitary matrix U ∈ U (H), such that |ψ i = U |φ i for each i.
Proof. Defining matrix ψ = (|ψ 1 , ..., |ψ d ), namely ψ ij is the i-th entry of |ψ j . Similarly, we can also define a matrix φ = (|φ 1 , ..., |φ d ) .
If ψ i |ψ j = φ i |φ j , one has ψ † ψ = φ † φ and the (i, j)-th entry of ψ † ψ is ψ i |ψ j . Denoting ψ † ψ = φ † φ = |A| 2 , polar decomposition theorem ensures that there exist two unitary matrices W and V , such that ψ = W |A| and φ = V |A|. Consequently, one has
that is, (|ψ 1 , ..., |ψ d ) = (U |φ 1 , ..., U |φ d ).
).
The last " = " is the fact that if
is an optimal measurement for QSD task {|φ i ,
there exist a unitary U ′ such that |ψ i = U ′ |φ i . Similarly, we can have the same result.
